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Abstract Understanding the quantum aspects of gravity is not only a matter of 
equations and experiments. Gravity is intimately connected with the structure of 
space and time, and understanding quantum gravity requires us to find a conceptual 
structure appropriate to make sense of the quantum aspects of space and time. In the 
course of the last decades, an extensive discussion on this problem has led to a clear 
conceptual picture, that provides a coherent conceptual foundation of today’s Loop 
Quantum Gravity. We review this foundation, addressing issues such as the sense 
in which space and time are emergent, the notion of locality, the role of truncation 
that enables physical computations on finite graphs, the problem of time, and the 
characterisation of the observable quantities in quantum gravity. 
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1 Introduction 


What is a quantum spacetime? Are space and time emergent notions? If so, what 
do they emerge from, and in which sense? Is there a fundamental ontology, from 
which conventional space and time emerge? Does a quantum theory of gravity 
require a specific time variable, as the Schrödinger equation does? If not, what is 
the connection between the common notion of time and quantum gravity? How 
is evolution described, in the absence of a canonical time or a fixed background 
spacetime structure? Which empirically observable quantities are well defined in a 
quantum spacetime and how do we compute their behavior? 

These questions have been discussed widely and at length in the quantum gravity 
literature, and routinely confuse those entering the field anew. Here we address them, 
showing how a coherent conceptual framework for a quantum theory of gravity can 
be cleanly defined. 

We give a basic discussion of the notions of ‘space’ and ‘time’. This is essential 
because substantial confusion derives from mixing up different ways in which these 
notions are used. We discuss observability in general relativistic physics and in 
quantum mechanics. Observability in quantum gravity is subtle precisely because 
it combines the conceptual subtleties of general relativity with those in quantum 
mechanics. We discuss the notion of ‘emergence’ and the so called ‘problem of time’, 
the precise role of the finite combinatorial structures (graphs and two-complexes) 
that enter concrete calculations, their relation to locality and the reason they are 
physically relevant. Our focus is on the conceptual structure of Quantum Gravity in 
the Loop formulation (LQG) [1, 2, 3, 4]. 


2 Two distinct notions of space 


In its simplest usage, space is the structure determined by a relation of contiguity 
between physical entities. We use this notion when we say “J am in London", or ‘the 
electron has reached the detector". In these cases we spatially locate entities (our 
self, London, an electron, a detector) with respect to one another. This notion of 
space does not involve metric quantities (distances, areas, volumes...) and refers to a 
relation between entities. This is a relational notion of space. 

In Newtonian physics, a different notion of space is employed. “Space”, in this 
more specific usage, is a container in which things, or observations, are located, it is 
an entity assumed to exists by itself, independently from the objects or the dynamical 
degrees of freedom. In this sense, “space” can also be empty. Dynamical objects, 
or observations, are located “in space", namely they are located with respect to it. 
Space, in this sense, can have a geometrical structure, which in Newtonian physics is 
described by three-dimensional euclidean geometry. This notion of container space, 
formalized by Newton (anticipated by ancient atomism), has played a fundamental 
role in the development of physics. We employ it for instance when we use the 
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Newton equations to describe the dynamical of particles as (the evolution in time 
of) their location in R?.1 

The distinction between these two notions of space (relational and Newtonian) 
is essential to get clarity in quantum gravity. In brief: the first extends to the full 
quantum gravity regime, the second does not [7]. The reason the relational notion 
of space survives in quantum gravity is that contiguity —and therefore localization— 
can be defined with respect to Newtonian or classical general relativistic spacetime, 
but can also be defined with respect to other entities, even in the absence of such 
Newtonian or classical general relativistic spacetime. On the other hand, the reason 
the Newtonian “container” notion of space needs to be abandoned, is that Newto- 
nian space is recognised on physical grounds to be an approximate description of a 
particular configuration of a quantum field. 


In its Newtonian version, the second of these notions of space emerges, from the 
fundamental theory within a series of approximations: 


1. Newtonian space emerges from Minkowski space in the low relative-velocity 
approximation (formally, this is a c— œ limit, where c is the speed of light). 

2. Minkowski space emerges from a general relativistic (pseudo-)Riemannian ge- 
ometry at scales small with respect to the curvature radius (formally, it can be 
identified with the tangent space at a point). 

3. A (pseudo-)Riemannian geometry emerges from the quantum geometry defined 
by the LQG states and their dynamics, in a suitable classical limit (formally, this 
is ah—0O limit). 


The relevant notion of “emergence” here is a weak one, common in physics: in 
some contexts, but not always, the physical system admits a convenient and effective 
approximate description in terms of an “emergent” theory. The emergent theory 
(here: General Relativity) is self-standing and autonomous, and utilizes its own 
proper notions (here: relativistic spacetime). These can be related to notions of the 
underpinning theory: they approximate certain (not all) particular configurations of 
those. 

Notice that the Newtonian intuition of the existence of space as an entity is not 
contradicted neither by General Relativity nor by LQG. Newtonian space is simply 
better understood in these theories as the approximate description of a —classical, 


1 In the philosophical literature there are other, distinct, discussions regarding relational aspects of 
space. One is about the relational aspects of geometry. Another discussion is the confusion between 
the velocity being relative versus acceleration being relative. A third one regards the possibility 
of a relational reading of Newtonian mechanics (in terms of reference systems). Here we are not 
referring to these issues. The relation we refer to is simple contiguity, which does not require any 
metric connotation. From the perspective of quantum gravity, Newtonian space is better understood 
as special configuration of the gravitational field: an entity. All these discussions can be traced to 
the famous distinction at the beginning of the Principia [5], and to Leibniz’s relationalism: “As for 
my own opinion, I have said more than once, that I hold space to be something merely relative, as 
time is, that I hold it to be an order of coexistences, as time is an order of successions". Third Paper, 
paragraph 4; G VII.363 pg 25-26 [6]). Mixing up these various discussions is an endless source of 
confusion. 
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or, respectively, quantum— dynamical field. With respect to this field, location can 
be defined relationally, as it can be defined relationally with respect to anything else. 

In LQG, the spinnetwork states form a basis of states for the quantum gravitational 
field. (Later on we shall be more precise about the meaning of “state” in this context.) 
A spinnetwork state |I, je, Vn} is determined by a labelled (abstract, not-embedded) 
graph T with links £ labelled by spins je and nodes n labelled by SU(2) intertwiners 
Vn. These are a basis of SU(2) invariant tensors in Hy = ®¢enV;,, where the tensor 
product is over the links ? adjacent to the node n and V; is the Hilbert space of the 
spin- j representation of SU (2). The nodes of the graph describe elementary quantum 
excitations or “elementary quanta" of the gravitational field. (The interpretation and 
the physical reasons for these discrete structures is discussed later on, in Section 9.) 

The links of the graph define a notion of contiguity between two nodes linked by 
the link. The notion of contiguity between the elementary quanta determine a spatial 
structure, in the sense of relational space. Therefore space, in the relational sense, is 
present at the foundations of the theory. In other words, the quanta represented by 
the nodes of the graph are spatially located with respect to one another. Notice that 
they are not located —in any sense- into an external container space. In a slogan, they 
are not in space; rather, they themselves, with their contiguity relations, make up a 
relational space. 

When matter is present [1, 2, 3], its degrees of freedom are defined as labels on 
the same graphs I as the gravitational field states, therefore the notion of contiguity 
is equally defined with respect to other quanta as well. That is, quanta of space 
and other elementary quantum field excitations are all located with respect to one 
another, defining a relational spatial structure. 

Confusion between these two different meanings of “space” is at the root of 
a common misunderstanding of non-perturbative quantum gravity. Some authors, 
for instance, suggest that physics is inconsistent unless it is formulated in terms of 
observables “located in space" [8] taking for granted that a notion of space as a 
container is necessary for understanding science. This assumption has no base. 

We locate our observations with respect to one another (both spatially and tempo- 
rally), but the idea that there should be a container space within which observations 
are located is only a useful theoretical construct well utilized by Newton, not a 
requirement for intelligibility. For millennia, before Newton, humankind found the 
world perfectly conceivable in terms of relative localization and not in terms of 
localization “in space". In fact, even “location” in everyday usage usually refers to 
adjacency to some material object, for instance a location on Earth, and not a location 
with respect to an abstract unobservable entity such as Newtonian space. To claim 
that science is unintelligible without a container space is to fail to understand the 
possibility of a conceptualization of the world different from the Newtonian one. 
(See also the discussion in [9]), 
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3 The emergence of the continuous metric space 


Let us consider the third of the above approximations in some detail. The way a 
continuous metric geometry emerges from the spinnetwork states is similar to the 
way a continuous electromagnetic field emerges from the photon states of quantum 
electrodynamics. A continuous (intrinsic) 3d Riemannian geometry g can be ap- 
proximated arbitrarily well by a 3d Regge triangulation formed by flat tetrahedra Tn 
connected by triangles t¢. The (two skeleton of the) dual of this triangulation defines 
a graph T. Its geometry can be captured by the variables 


GO" = AcAp fie - Àe (1) 


where A, are the areas and /ir the unit normals to the face of the tetrahedron T,,. The 
operators 
Gir ID, je. vn) = AG) IL, je, En En Vn) (2) 


where the vector operators E £ are SU(2) generators on the V;, tensor component of 
Hy, are defined on the Hilbert space Hr spanned by the spinnetwork states on T. It 
can be shown that there are ‘intrinsic’ coherent states |W} € Hr such that 


(We lGe We) = GE” + O(h) (3) 


and the variance of these operators goes to zero with A [10, 11, 12]. 

Similarly, the extrinsic geometry of a Riemannian 3d space embedded in a 4d 
spacetime can be approximated by the an extrinsic geometry k of a triangulated 
3d space. This is captured by the 4d dihedral angles 6¢ between normals to the 
tetrahedra; Hr carries a corresponding operator 6¢ [13, 14] and it can be shown that 
there are (minimally spread) ‘extrinsic’ coherent states |W.) € Hr that satisfy the 
last equation as well as 


(We clOclWe,k) = O¢ + O(N). (4) 


In simpler words: there are quantum states of LQG that approximate Riemannian 
intrinsic and extrinsic geometries in the classical limit, in the usual sense in which 
states of any quantum theory approximate configurations of its classical limit. 
Furthermore, there is some evidence (see below) that the LQG transition am- 
plitudes define a dynamics that approximates pseudo-Riemannian geometries that 
solve the Einstein equation, arbitrary well. In this sense, the pseudo-Riemannian 
spacetime of classical general relativity can ‘emerge’ from quantum gravity: it is the 
standard sense in which classical trajectories ‘emerge’ from a quantum theory. 
Various aspects of the Newtonian notion of space are lost when moving to more 
general frameworks: the special relativistic framework loses the notion of a preferred 
space foliation which is present in Newtonian spacetime; the general relativistic 
framework loses the notion of a metric structure independent from the dynamical 
degrees of freedom; the full quantum gravitational framework lose the notion of 
continuous physical space. These notions are useful within approximations, but are 
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not appropriate to describe nature in a full quantum gravitational regime. This is not 
a problem because they are not needed to have a coherent and intelligible conceptual 
picture of reality. 

On the other hand, the relational notion of space defined by contiguity of dy- 
namical entities, which is the familiar one we use when talking about space in our 
everyday life, remains well defined in quantum gravity. Hence, certain aspect of the 
intuitive notion of space (continuity, space as a container, Riemannian geometry...) 
are emergent, others (relational space) are not. Those that emerge, emerge from 
the dynamics of the spinnetworks (states of the guantum gravitational field), in a 
way which is to a large extent similar to the way a continuous electromagnetic field 
emerge from discrete photons (states of the guantum electromagnetic field). 

In a full gravitational regime, the metric structure of spacetime displays the typical 
quantum features. The most prominent of these are: 


(i) The granularity implied by the discrete spectrum of the GS operators[ 15]. This 
is the most distinct feature and the key result of LQG [16]. (On a possible 
discreteness of time see [17] and on a possibility of actually measuring it see 
[18].) 

(ii) The fact that the geometry can be in quantum superposition of states with definite 
geometrical properties, with the usual characteristic phenomena such as interfer- 
ence and entanglement. On the possibility of testing this phenomenon (already 
predicted by non-relativistic quantum gravity), see [19]. 

(iii) The short scale fuzziness due to the fact that the various operators defining 
geometry do not commute. Even the Ge operators do not all commute with 
one another [20], hence cannot be diagonalized together: this fact determines the 
quantum fuzziness of the (intrinsic) 3d geometry at short scale. 


We close this section addressing two questions raised in the philosophy literature 
[9]. The first regards the interpretation of the states that are superpositions of spin- 
networks with different graphs. How is contiguity well defined if there is more than 
one graph, and two graphs define a different notion of contiguity? The answer to this 
question is in the overall structure of the LQG Hilbert space. A Hilbert space Hr 
spanned by the spinnetworks with given abstract graph I” is a (proper) subspace of 
any Hilbert space Hr where I’ is a sub-graph of I. Any specification of a superpo- 
sition of states with different graphs I” and IT” must be written as a state in a state 
space Hr where both I” and I” are subgraphs of I’. (See Section 8 below.) This 
resolves any ambiguity. 

The second question raised in [9] regards the fact that the notion of adjacency 
defined by the graph may not match the one implicitly defined by an averaged large 
geometry. Hence there seem to be two distinct notions of contiguity in the theory: the 
one defined by the graph (that underpins the dynamics of the spin networks) and the 
one defined by the emergent smooth geometry. This is correct, but has nothing to do 
with LQG: the same happens in classical general relativity. A wormhole smaller than 
the scale of observation can connect macroscopically distant regions of spacetime. A 
microscopic notion of contiguity does not need to match the macroscopic one. There 
can be “wild" geometries in classical general relativity, where a similar mismatch 
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happens, and this does not jeopardize intelligibility.2 Similarly, there are “wild" 
states in LQG. We do not know the physical relevance (if any) of either. 

To get clarity about all this, we should ask what is the physical meaning of 
the notion of adjacency. The answer should not be searched in a Kantian a priori 
condition for intelligibility, but in what we have learned from experience about the 
world around us. The adjacency relation that we experience is rooted in the fact that 
physical interactions are local. Because of this, we only directly affect -and we only 
directly receive information from- adjacent entities. In other words, the basic spatial 
structure of the world is determined by what directly affects what. The dynamics 
of loop quantum gravity is local on the graph (both in the Hamiltonian and in the 
covariant formulations of LQG). This is why the locality relation that we experience 
derives from the locality defined by the graph structure of the states. 


4 Observability in gravitational physics 


The conceptual structure of General Relativity (GR) is subtle and has confused all 
relativists (including Einstein) for a long time. For this reason, decades have been 
necessary before getting clarity on question like the nature of the Schwarzschild 
singularity, or whether gravitational waves are physical or gauge artifacts. 

Much of the confusion stems from the fact that the theory is written in terms of 
spacetime coordinates x and t, but the physical meaning of these is totally different 
from the physical meaning of the spacetime coordinates with the same name used in 
special relativity and in non-relativistic physics. The spacetime coordinates X and T 
in non relativistic and special relativistic physics have metric meaning: the spacetime 
coordinates x and ¢ in general relativistic physics do not have metric meaning. That 
is, in special relativity for a particle to have position X means to be at a physical 
distance X from the axis of some established physical reference frame. This distance 
can be measured with a rod, a laser, or anything else. For an event to have coordinate 
T means to happen when a clock has measured a time lapse T. Not so in GR: in 
GR, if a particle has position x this does not mean that the particle is at a physical 
distance x from something. For an event to have coordinate t does not mean that a 
clock has measured a time lapse t from some initial time. Distance (measured in any 
of the above manners) and clock readings are rather given by integrals involving the 


gravitational field, such as 
T= f \V 8apdx’dx?, (5) 
y 


where gap (x) is the gravitational field. The value of these integrals does not change 
if the coordinates are changed to new coordinates. The fact that the coordinates 
have such a dramatically different meaning in the two contexts raises continuous 
confusion. 


2 In addition, regular geometries can be discretized in terms of “wild” triangulations. See later. 
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Related to this is a persistent confusion about the connection between the theory 
and the physical measurable quantities, usually called “observables”. The reason of 
the confusion is the following. The Einstein equations are invariant under arbitrary 
changes of the coordinates x and f. It follows that in general a quantity that depends 
on the coordinates x and t cannot be predicted by the theory. 

There are three alternative ways of interpreting this fact and using the theory, all 
three equally valid (see [21]). 


1. The first is to only consider observables that are invariant under coordinate 
transformations. These are predicted by the Einstein equations, once a solution 
is specified. For instance, the minimal distance between the Earth and the Moon 
during the current month, as measured by the return (proper-)time on Earth of 
a laser signal bounced off the moon, is a quantity that does not depend on the 
coordinates chosen. All quantities measured in relativistic observational gravity 
can be interpreted in this manner. 

2. The second option is to interpret the coordinates as labels of concrete reference 
objects whose dynamics is determined by the theory. This is a gauge fixing of 
the coordinate choice, and as such it promotes the coordinates to quantities that 
can be actually determined physically. This procedure is commonly followed for 
instance in cosmology (in the homogeneous approximation), where coordinates 
are attached to galaxies and the proper time on these. In this language, the Einstein 
equations are gauge fixed on particular coordinate choices. 

3. The third option is again to interpret the coordinates as labels of concrete reference 
objects but to disregard the dynamical laws governing these reference objects. 
The under-determination in the evolution equations can then be interpreted as the 
result of disregarding these dynamical laws, namely choosing physical reference 
systems that move arbitrarily in spacetime. 


The three options are all viable, and ultimately equivalent. They refer to different 
sets of variables. While the first and the second refer to the physics of the dynamical 
degrees of freedom included in the theory, with nothing else interacting, the third 
refers to the the physics of the dynamical degrees of freedom of the theory interacting 
with other degrees of freedom. 

In other words, the gauge degrees of freedom of General Relativity can alterna- 
tively be: 


1. interpreted as unphysical, namely just as a redundancy of the mathematics; or 

2. gauge fixed; or 

3. interpreted as relational degrees of freedom describing the coupling with an 
external (arbitrarily moving) physical system, used as physical reference system 
[22]. 


In all interpretations, spacetime localization is only relative. In the first case, objects 
and events in the theory are localized with respect to one another (the Earth and the 
laser pulse). In the second, they are localized with respect to the chosen reference 
system (for instance, the galaxies and their clocks). In the third, they are localized 
with respect to the external arbitrarily moving reference system. 
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Much of the conceptual confusion about the covariance of General Relativity 
comes from mixing up these three cases. For instance, the discussion about the 
meaning of spacetime points in general relativity (and the “hole argument" [23]) 
which has been going on in philosophy of science [24], is confused by the fact that 
in the first interpretation there is no physical definition of points independently from 
the degrees of freedom of the theory, but in the third there is such definition (because 
the points, individuated by the coordinates, are defined relationally with respect to 
the external arbitrarily moving reference system.) 

The third of the above interpretations is the reason for the strong (irresistible, for 
some) intuitive appeal of the reality of a manifold independent from the value of 
the gravitational field defined over it. The points of the manifolds are possibilities 
for coupling other degrees of freedom. Once we include all degrees of freedom, 
the manifold is dispensable (as many relativists like to repeat [25]). The same is 
true for the graph of a spinnetwork and the two-complex of a spinfoam, if these are 
considered independently from their labeling. 

This discussion, more broadly, also sheds light on the general interpretation of 
gauge invariance: gauge is more than mathematical redundancy, because the gauge 
degrees of freedom capture ways a physical system can couple with other physical 
systems. This is because (gauge invariant) couplings can couple to gauge variant 
variables of a component-system. A discussion on this fact is in [22]. 


5 General relativistic evolution 


Physics describes processes, namely how things happen, or how they “change”. To 
do so, general relativistic physics employs a more subtle notion of evolution than 
Newtonian physics. 

In Newtonian physics, evolution is described by writing equations that govern how 
physical variables change in time. In general relativistic physics, dynamical processes 
are described by writing equations that govern how physical variables (including 
those characterising clocks) change with respect to one another (26, 27, 28, 29]. 
A characteristic example of utilization of this relative notion of evolution is Loop 
Quantum Cosmology [30] where the dynamics of the universe is often coded in 
the relative evolution between the cosmological scale factor and the value of a 
homogeneous scalar field. 

More precisely, in Newtonian physics we use dynamical variables A, B,... plus 
a ‘special’ (preferred, canonical,...) time variable T. We call ‘clocks’ the measuring 
devices that best track this variable. The time variable T is used as the indepen- 
dent variable of the evolution, and we write equations of motion for the functions 
A(T), B(T),.... A motion can equally be represented as a line in the space of the 
variables (T, A, B,...), defined implicitly (‘covariantly’) by functions of the form 
S(T,A, B,...) =0. 

In a general relativistic physics, evolution is described by writing equations that 
govern how physical variables (including those measured by clocks) change with 
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respect to one another. This is because there is no single canonical time variable. 
Different ‘clocks’ determine distinct measurable variables T,,,n = 1,2, .... Accord- 
ingly, we define evolution by giving relations between all variables including the 
clocks. A motion is therefore described by a line in the space spanned by all vari- 
ables (Tn, A, B, ..)., defined covariantly by functions of the form f(T, A, B, ...) = 0. 
This line can be parametrized by an arbitrary label t: this is the relativistic time 
coordinate, which should not be confused with the readings T,, of clocks. 

The above is easily generalized to field theory. In a 4d (non-general-relativistic) 
field theory, evolution is described by equations for fields A(X, T), B(X, T), ... that 
depend on spacetime coordinates (X, T). These coordinates represent distances mea- 
sured by rods and time intervals measured by clocks. A motion can equally be rep- 
resented as a 4d surface in the space spanned by the variables (X,7,A, B,...). Ina 
general relativistic field theory like general relativity, on the other hand, evolution 
is described by writing equations that govern how physical variables (including dis- 
tances measured by rods and time intervals measured by clocks) change with respect 
to one another. Evolution is given by relations between all variables including clock 
variables T„ and distance variable X„. A motion is a 4d surface in the space of all 
variables (X„, Tna, A, B, ...). This surface can be parametrized by arbitrary 4d labels 
(x,t): these are the relativistic spacetime coordinates. 

The fact that there is no preferred time variable in relativistic gravitational physics 
can be seen for instance by noticing that in general two clocks measure different 
(proper) times between the same couple of events, depending on their location, 
speed, etcetera. Consider the following example: launch a clock Cı upward at some 
moment and catch it back when it falls at a second moment. In the meanwhile, hold 
a second clock in your hands. The two clocks will measure two different times T 
and Ts < T; between the launch and the catch. Which one is the real time variable? 
The answer is that there is no “real” time : both times are physical times, and can be 
taken as independent variables. 

The way evolution is treated in general relativistic physics is reflected in the 
Hamiltonian structure of the dynamical theory. The general structure of Newtonian 
physics is given by a Hamiltonian H on a phase space I’. The phase space is a 
symplectic manifold. In a symplectic manifold, a function H generates a flow: the 
physical motions are the orbits generated by the flow of H in T. 

General relativistic physics requires a generalization of this structure, which we 
sketch here (for more details, see [1]). The generalization is given by a constraint C on 
an extended (symplectic) phase space Iex. The symplectic form on Tex induces a pre- 
symplectic form on the constraints surface C = 0. The motions are the lines (surfaces 
in field theory) on the constraint surfaces whose tangents are null directions of the 
pre-symplectic form. The general (finite dimensional) case reduces to the Newtonian 
case when Tex is the Cartesian product of I and a space with canonically conjugate 
coordinates (T, pr), and C = H + pr, as can be easily verified. 

The quantities like T, A, B,..., that include dependent as well as independent 
dynamical variables are called partial observables [31]. These are quantities that 
can be measured but cannot be individually predicted even with full knowledge of 
the motion (as they include the independent variables of the evolution). What the 
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theory predicts is not the value of individual partial observables, but, rather, relations 
among them. For instance, for a harmonic oscillator with a single degree of freedom, 
its position X and the time T are both partial observables, and once the motion is 
known (amplitude and phase are known), the theory predicts the value of X for any 
given T, or the possible values of T for any given X. 

The physical phase space is the space of the motions. It is again a symplectic 
space, and in the case of a Newtonian theory is isomorphic to the familiar space of 
the initial data, but not canonically so, because the isomorphism is determined by 
a value of T. Each point of the physical phase space determines a relation between 
partial observables. 

The motions can be parametrized. That is, the surfaces defined by the functions 
Ff (An), where An coordinatize the space of the partial observables of the theory, can 
be written as functions A, (x) of arbitrary coordinates x. The spacetime coordinates 
used in general relativity are these parameters. 

In quantum theory, the partial observables are represented by self adjoint operators 
on an extended Hilbert space Hex and the dynamics is given by a constraint operator 
(or set of operators) C defined on Hex. The transition amplitudes that define the 
quantum dynamics amplitudes are given by 


W(a, b) = (a|P|b) (6) 


where |a) and |b) are eigenstates of (a complete set of commuting) observables 
defined on Hex. P is the projector of the kernel of C if this is a proper subspace 
of Hex. If zero is in the continuum spectrum, P can equally be defined using 
distributional techniques, see for instance [32, 33, 1]. 

The transition amplitudes (6) define the quantum dynamics of a general covariant 
quantum field theory. 

To compute probabilities from the amplitudes we must remember that Hex de- 
scribe partial observables, which include the independent variables. We can therefore 
only assign probabilities to some components (say, a1) of a = (a1, ao) at given value 
of others (ao). That is, probabilities are well defined when 


>) Wai, ao, b)? = 1. (7) 


ai 


If the set of variables ao include a variable t such that the dynamics is symmetric 
under a translation in ¢, then the Hilbert space carries a unitary representation of the 
group R. If there is no variable with this property, then there is no unitarity in this 
sense in the theory, but this does not mean that probabilities are ill defined. For an 
enlightening simple example of a well defined quantum system without unitarity in 
this sense, see [34]. For a discussion on the definition of probability in the general 
case, see [35]. 
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6 Observability in quantum physics 


Classical physics assumes that all properties of a system are always sharply defined. 
Not so quantum physics. Properties are given by eigenvalues of observables and 
quantum mechanics only assigns properties to a system in the context of an interaction 
with another system. The boundary between the two is called the Heisenberg cut 
[36]. For instance, in the Copenhagen interpretation properties are actualized in 
measurements; in the relational interpretation, they are always relative to a second 
system; in the many-world interpretations, they depend on the branching and are 
related to Everett’s relative states determined by a split due to a Heisenberg cut.+ 
For simplicity, we use the language of the Copenhagen interpretation, but what 
we say can be easily translated in the language of different interpretations. In the 
Copenhagen interpretation we mentally distinguish the system from the context, 
separated by the Heisenberg cut and treat the context classically. The observables 
of the system take a value at a measurement, which is an interaction between the 
system and the context. The theory predicts the probability of one or the other value 
to be actualized in this interaction (called measurement), given that other values of 
observables were actualized in a previous interaction (called preparation). The cut 
can be moved outward without changing the predictions. Denoting a the set of the 
observables’ values actualized in the preparation and b the set of the observables’ 
values actualized in the measurement, the conditional probabilities predicted by the 
theory are given by 
P(bla) = |W(b, a) |? (8) 


where the transition amplitude is given by 
W(b; a) = (bla); (9) 


here |a} and |b) are the relevant normalized eigenstates of the operators corre- 
sponding to the relevant observables. (In the relational interpretation the cut de- 
fines relational observables; in the Many World interpretation, the cut separates two 
subsystems that defines the branching, withing which variables have determined 
values...) 

If a time (t’ — t) different from zero lapses between the two measurements and 
the hamiltonian is H, the transition probabilities are 


W(b,t';a,t) = (bleh OF Ja); (10) 


In the general relativistic case, the time variable is included among the partial 
observables, and we write the amplitude above as 


W(b,t’;a,t) = (b,t’|Pla, t). (11) 


3 The terminology “Heisenberg cut" is characteristic of the Copenhagen interpretation, but we use 
it more generally to denote the separation between systems which is needed in order to have actual 
values of variable also in interpretations such as Many Worlds and Relational. 
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Additionally, we can consider a ‘boundary’ Hilbert space Hp = Hin ® Hout namely 
the tensor product of the in and out state spaces, and express the dynamics as a single 
(possibly generalised) bra on this boundary state space 


W(b, t’;a,t) = (W|b, t’; a, t). (12) 


For details on the formalism, see [1]. 


7 Observability in quantum gravity 


To understand observability in quantum gravity we have to combine our understand- 
ing of observability in General Relativity with our understanding of observability in 
quantum theory. From the second, we learn that what the theory can predict is the 
probability of one or the other property of the gravitational field to be actualized in 
interactions, across a Heisenberg cut, with a context that can be treated as classical. 
The natural and simple key for this to work is to identify the Heisenberg cut with the 
boundary of a four dimensional spacetime region R [37]. It is not difficult to see that 
any realistic observation in relativistic gravitation can be expressed in this form. 

It is particularly convenient to take R to be compact, and bounded by a 3d 
surface & formed by the union of a past and a future spacelike surfaces X_ and £, 
joined along a two sphere. The theory is naturally expressed in the time gauge on 
these surfaces. This setting permits us to interpret the LQG transition amplitudes 
as transition amplitudes from X_ to X4. Quantum states on X_ and È, represent 
quantum geometries on these surfaces. These are interpreted as interactions between 
the gravitational field on R and the rest of the universe, across the Heisenberg cut 
defined by È. 

This setting works very well in the two contexts where we expect quantum 
gravitational phenomena to be non negligible: early cosmology and around black 
hole singularities. (See below.) 

A preparation and (a complete) measurement at the Heisenberg cut, namely at È, 
determines the eigenvalues of a complete set of (partial) observables, and a corre- 
sponding eigenstate |‘) € Hp. (Semiclassical coherent stares are more convenient 
in some applications.) The dynamics is then given by a single bra (W| on Hp. This 
is the covariant version of the transition amplitude 


(Wi) = (P|P|'P_) (13) 


where P is discussed in Section 5, the boundary Hilbert space is discussed in the last 
Section and |¥+} are quantum states of the geometry of, respectively, X+. 

Formally, if the measured quantities correspond to the 3d (intrinsic) geometry g 
on È and we call the corresponding eigenstate Y, we may write 


(WIP) = 1 Dga ef! VERIsa], (14) 
Oga=8 
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where the (ill defined) functional integration of the exponent of the Einstein Hilbert 
action is over the 4d geometries g4 on R bounded by g on È, as originally suggested 
by John Wheeler and Charles Misner [38]. The spinfoam formalism can be viewed 
as a way to transform the last formula into something well defined and computable, 
within arbitrary truncations. 

In a semi-classical regime we expect the classical dynamics of general relativity 
to be recovered from the approximation 


(WIP) ~ Ses [s], (15) 


n 


where the sum is over the different solutions g4[g] of Einstein equations on R that 
induce the 3-metric g on and 


Saas I daei (16) 


is the corresponding Hamilton function of General Relativity [1], namely the value 
of the action on a solution with given boundary data. As well known, full knowledge 
of the Hamilton function is essentially equivalent to knowledge of the solution of the 
equations of motion. (To see how this still works in the generally covariant case, see 
[1].) 

From the conceptual point of view that concerns us here, we notice that the 
observables of quantum gravity can be chosen to be sitting on the Heisenberg cut È 
and be partial observables. Importantly, they do not need to be fully gauge invariant, 
because they represent interactions between the quantum system studied and (‘the 
measurement apparatus on’) the boundary of the classical context. What the theory 
provides, then, are transition amplitudes between partial observables, and these give 
the physical predictions, as illustrated above. 

The relational interpretation of quantum theory [39, 40] is a natural setting when 
quantum gravity is formulated in this manner. The relational structure of space 
and time merge naturally and beautifully with the relational structure of quantum 
theory: the Heisenberg cut is identified with spacetime partitions. Notice that in 
the Copenhagen version, we still need an outside classical spacetime. Not so in 
the relational interpretation, where what matters in only that there is am (relational) 
boundary between two systems, without any presupposed geometry on this boundary. 

However, the problem of quantum gravity and the problem of the interpretation 
of quantum mechanics are distinct and to a large extent independent. 

A concrete example of utilization of LQG transition amplitudes is given by the 
calculations of what happens at the end of the evaporation of a black hole. Most 
of spacetime can be treated classically, because quantum gravitational effects are 
negligible. Not so the high curvature region surrounding the classical (unphysical, 
because of quantum gravity) singularity and the horizon near the end of the evapo- 
ration. This is the compact quantum region R. A 3d surface surrounding it can be 
chosen and the LQG quantum transition amplitudes describing what can happen at 
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the end of the evaporation can be explicitly studied: see [41, 42, 43, 44, 45]. (This is 
possible because a classical exact solution for the exterior exists [46].) 

Another concrete example is the use of this covariant formalism to study the big 
bang [47, 48]. In this case the surface = can be taken to be a single spacelike surface 
with the topology of a 3-sphere after the big bang, to describe the transition from 
nothing to a cosmological space (as in the Hartle-Hawking scenario), or, alternatively, 
as two disconnected spacelike surfaces with the topology of a 3-sphere, to describe 
a Big Bounce, as in Loop Quantum Cosmology [49]. In this cosmological context, 
the average value of the spins can be taken as the independent variable (a discretized 
version of the cosmological scale factor), in terms of which the dynamics of the 
fluctuations of the rest of the geometry evolves. 


8 Truncation, finite graphs and finite spinfoams 


The bra (W| that gives the dynamics is defined in covariant LQG in terms of spin- 
foam amplitudes, order by order in a suitable sequence of truncations that represent 
increasingly fine approximations. See [2] for a detailed technical introduction of 
these. Here we only discuss the conceptual structure of the theory. 

A general remark is important here, to dispel a recurring conceptual confusion: 
the idea that a quantum theory, and in particular a quantum theory of gravity, could 
only describe elementary components of nature. There is no reason to expect so, and 
this is not the right way of viewing and using quantum theory. Quantum theory is not 
a theory about the elementary components of reality: it is a theory about the quantum 
behaviour of any physical variable, irrespectively on whether this is elementary or 
composite. The angular momentum of a molecule, for instance, is quantized and 
can be used in computing transition amplitudes in the dynamics of the molecule, 
independently from the internal quarks’s structure of the molecule. 

In the same manner, there is no reason to see the quantization of some aspects of 
the metric field as a description of elementary components: any variable, at any scale, 
behaves quantum mechanically and LQG is the description of quantum properties 
of gravitational degrees of freedom, at any relevant scale. A state does not represent 
a “thing”: it represents the outcome of an interaction in which certain observables 
take on certain values. No measurement delivers an infinite amount of information. 
Any measurement captures a finite number of degrees of freedom only. An effective 
theoretical description of a given phenomenon needs only to refer to the degrees of 
freedom that are relevant for that phenomenon. 

This is also true in quantum field theory. In standard quantum field theory cal- 
culations are always performed on finite lattices and finite graphs. For instance, in 
lattice QCD hadron’s masses are computed on lattices of finite size that are large 
enough to include the hadron and fine enough to see the quarks’ wavelengths, but no 
more. Analogously, collisions in QED and in the electroweak theory are computed 
order by order in a perturbation expansion: at each order there is a maximum number 
of (real and virtual) particles involved, and therefore, again, only a finite number of 
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degrees of freedom involved. For this reason, both the lattices concretely used in 
QFT calculations and the (Feynman) graphs in QFT perturbation theory are finite 
(that is, they have a finite number of vertices). 

The same holds in loop quantum gravity: concrete calculations involve spin net- 
works and spinfoams with finite graphs and finite two-complexes. The calculation 
is expected to provide results that approximate the physical behavior of phenomena 
where the corresponding degrees of freedom play a role. When describing a phe- 
nomenon (like the end of the evaporation of a black hole, or the possible bounce of 
the primordial universe), we have to single out the degrees of freedom that may play 
a relevant role in the corresponding dynamics, and describe the process in terms of 
these, not in terms of everything [50, 51]. 

Suggestions that calculations on finite graphs and finite spinfoams are unreliable 
are therefore conceptually ill-founded. 

A measurement of the geometry that captures a finite number of degrees of 
freedom can be modelled as follows. Given a 3d metric space with geometry g, 
consider a simplicial decomposition of the space and call Ap the areas of the 2- 
simplices £, and 7ig-rig the angle between two vectors normal to two 2-simplices £, and 
€’ bounding the same 3-simplex n, in an arbitrary point of £ and £’, parallel transported 
to an arbitrary internal point of n. Then equation (1) defines a family of quantities 
that measures the geometry g at some scale. These quantities do not commute in 
quantum theory. A (smaller) set of commuting quantities is given by the areas Az of 
the two simplices and the volumes v,, of the three simplices. A volume operator V,, is 
defined on Hr, where I is the graph dual to the cellular decomposition. The operators 
(Ae, Vn) form a commuting set of operators in Hr which is maximal up to some 
signs that we disregard here for simplicity. These operators have discrete spectrum 
[15]. Let |I, je, vn) be a basis in Hr that diagonalizes this set. The states |I, je, vn) 
can be interpreted to represent the outcomes (je, Vn) of these measurements, in the 
standard sense of quantum theory. 

This does not mean that a state like |I, je, vn} gives a complete description of 
reality in a certain spacetime region. It only refers to a subset of degrees of freedom 
measured. The theory that describe these degrees of freedom is a good description 
of reality to the extent the dynamics of these degrees of freedom is not too affected 
by others. 

In the covariant formulation, the LQG transitions amplitudes are defined in terms 
of a sequence of 4d truncations, after fixing a relevant family of boundary states 
(say in Hr). Each truncation is defined by the choice of a 2-complex C having F as 
boundary. The spin foam amplitudes define a bra (We| on Rr [52, 53, 54, 2]. The 
theory is well defined if refining the 2-complex the amplitude converges. Numerical 
calculations give some partial positive indications that this can be the case exist, see 
for instance [55]. 
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9 Physical discreteness 


It is important not to confuse the discreteness introduced by the various truncations 
used to define the theory (the graph of the spinnetworks, the two-complex of the 
spinfoams) with the physical Planck scale discreteness predicted by LQG. The first 
is only a theoretical tool, analog to the lattice of lattice QCD. The second (absent 
in QCD) is a hard physical prediction of the theory, and the most characteristic 
feature of LQG. It is the analog of the discreteness of the spectra of the energy of the 
Hydrogen atom or non relativistic harmonic oscillator, or the discreteness of photons. 
It is derived in the theory form the spectral analysis of the operators describing the 
geometry [15]. It is compatible with the local Lorentz invariance of the theory [56]. 
It is this physical discreteness which is responsible for the ultraviolet finiteness of 
LQG and for the resolution of the singularities of general relativity [57, 58]. 

The expression of the transition amplitudes as a spinfoam sum have much in 
common with a standard lattice discretization of a Feynman sum over histories [59], 
like the one that defines lattice QCD. However, there is a crucial difference [60]: 
in theories like lattice QCD the full quantum theory is recovered by sending the 
number of lattice sites to infinity as well as the lattice spacing to zero. Because of 
the underpinning diffeomorphism invariance, only the first of these limits (that is: 
refining the two complex) is required in LQG. See a detailed discussion in [60]. 

Here “limit" must be understood in the sense of potential, not actual. What we do 
in physics is to compute transition amplitudes within approximations. This is always 
done within a finite truncation, as we do in standard perturbative QFT and lattice 
QCD. Therefore the theory can be formally defined by the continuous limit, but the 
actual theory to be used is always at arbitrary but finite truncation.* 

A different question is how we recover classical general relativity. For this, we 
have to take both the continuum limit and a “classical” limit: namely look at scales 
large with respect to the Planck scale. This is usually implemented as a large spin 
limit. For a while, the LQG literature contained the wrong expectation (giving rise 
to an apparent “flatness problem") that the classical limit could be taken before, and 
independently from, the continuum limit. This is not the case: the two limits must 
be taken together, see [62, 2, 63, 64, 65].° 


10 Three distinct notions of time 


In moving from non-relativistic physics to quantum gravity, the notion of time 
undergoes alterations similar to the notion of space. However, the notion of time is 
more subtle than the notion of space, raising further issues. 


4 This observation may either be seen as a simple pragmatic consideration, or, perhaps, as a way to 
question the physical relevance of the actual limit theory [61]. 

5 Specifically: at fixed triangulation, the LQG amplitudes approximate sufficiently well the dynamics 
of discretized general relativity (Regge theory) only if the triangulation is sufficiently fine. 
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In the case of space, we observed that clarity is obtained by distinguishing the 
common relational notion of space, according to which objects are spatially located 
with respect to one another —a notion still in play in quantum gravity- from the 
Newtonian notion of space, as a continuous metric manifold with an Euclidean 
geometry, which emerges only in approximations. 

In the case of time, the same distinction holds. In everyday life we use a relational 
notion of time. Time is just a counting of happenings in successions: for example the 
succession of days and years. It is a fact of nature that there are such successions of 
events. Newtonian physics, on the other hand, postulates the existence of a physical 
time that is independent from any succession of events, and has a rich structure: it has 
a metric structure, it is the same all over the universe, defining a global simultaneity, 
and so on. As well known, many features of such Newtonian time are approximations: 
they do not describe correctly the actual temporal structure of reality. There is no 
single canonical clock variable in the universe, and no global simultaneity, except in 
dramatic approximations like homogeneity and isotropy in cosmology. 

The absence of a single preferred time variable and the fact that no single variable 
has all the features typical of Newtonian time is just a fact of nature, and is the reason 
for the generalization of mechanics illustrate in section 5. The formal structure illus- 
trated in that section permits to define both the classical and the quantum dynamics 
coherently without having to specify a preferred time variable. As observed, non 
relativistic physics describes evolution as change of the variables in time, relativistic 
physics describes evolution as change of the variables with respect to one another. 

In the literature, a big deal had been made about the alleged existence of a 
“problem of time’ due to this absence of a canonical time. The confusion in this issue 
stems from a mixing up two distinct questons: 


1. The first question is to understand how to describe dynamical evolution in a 
relativistic setting when there is no canonical time variable. 

2. The second problem is raised by our strong feeling that time “flows” in a sense 
that makes it different from any other physical variable. In a Newtonian theory, 
we identify the flow of time with the change in the canonical variable T of the 
Newtonian formalism. But we cannot do so in a theory formulated in a way that 
does not select any time variable as special. 


The first of these two problems can be solved classically, as illustrated in Section 
5: a dynamical theory does not require a specific time variable to be defined. All 
predictions by a general relativistic theory can be obtained without specifying a 
canonical, or ‘special’, time variable. So, this question can be consistently answered. 
The quantities predicted by the theory are values of some variables when other 
variables have given values. 

A corresponding quantum formalism can also be defined, as shown in Section 
5. Alleged “quantum” solutions of this same problem, such as the Page-Wootter 
construction [66] are nothing else than this same solution expressed in the quantum 
domain. 

The second of the above problems, on the other hand, is rooted on a conceptual 
misunderstanding. We do experience a flow of time, of course. To understand this 
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experience we should look at our experience as it is in reality, and not assume that 
our experience reaches out directly to the deep and general structure of reality. 

What we experience is due to the specific and complex situation in which we are. 
Not only our experience is in the Newtonian limit (so that we misinterpret aspects of 
this limit for universal features of nature), but it is also strongly marked by the fact that 
we access a small subset of the degrees of freedom of Nature, hence we experience 
macroscopic coarse grained variables that happen to have thermodynamic properties. 
In particular, we happen to live in a universe with a strong entropy gradient, where the 
behaviour of these macroscopic observables has a marked irreversible character. (We 
do not know why. An hypothesis for the reason of this is in [67], but this is irrelevant 
here.) From the perspective of the fundamental theory, this fact is accidental. 

A direct consequence of this fact is that our local present has abundant traces of 
the past [68], and past low entropy allows macroscopic histories to branch [69, 70]. 
These facts determine the epistemic and the agential arrows of time, both aligned 
with the entropy gradient. These phenomena, not any preferred fundamental temporal 
variable, are principally responsible for the phenomenology of our experiential time. 
For an ample discussion of all this, see [71]. All this is very interesting, of course, 
but has nothing to do with quantum gravity. 

(Incidentally: a consistent thermodynamic and statistical theory of the classical 
gravitational field is still missing, let alone for the quantum one. This is one of the 
reasons of the confusion surrounding issues like black hole entropy. For hints and 
clumsy attempts in this directions, see for instance [72, 73, 74].) 

The notions of time that need to be distinguished in order to get clarity in quantum 
gravity are therefore three: 


1. Relational time is the notion that allows us to say that two local events happen 
in a direct succession next to one another. This is the analog of relational space. 
This notion remains true in quantum gravity: we compute transition amplitudes 
for successions of local events. 

2. Newtonian time is a quantity that is well defined only under numerous approxi- 
mations are taken. Various features of Newtonian time are lost one after the other 
as approximations are undone. 

3. Experienced time includes a rich phenomenology that depends on the specific 
environment around us, especially the irreversibility due to the entropy gradient, 
and on the functioning of our brain and its functioning in terms of deliberations 
[75, 76]. 


It is perhaps clarifying to distinguish a generic notion of “change” from the 
specific concept of “time”. By “change” we may mean the most generic aspect of 
temporal contingency, in the following sense. We experience in the world that things 
can be in a certain way “sometime” and different “some other time". This is a notion 
which is local (not global across the universe), not necessarily oriented, and does not 
require a single time variable to be described. That is, we describe the world in terms 
of a certain number of quantities: (A, B, C, ...) and the functional dependencies be- 
tween these: we can compile lists of observations (A1, B1, C1, ...)...(A2, B2, C2, ...).. 
giving us the values of these quantities “changed”. Physics gives us equations that 
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constrain these changes. For instance the change in an oscillator is described by the 
two partial observables (X, 7) and their relation f(X,T) = X — Asin(wT — ¢) = 0, 
where A and ¢ are constants. In this particular case, we can recognize “T" as what 
we usually call time, but in general relativity there is no such easy recognition, and 
in general none of the variables (A, B, C, ...) have all the qualities we ascribe to time 
in Newtonian physics. By “time" we indicate a particular variable among those de- 
scribing the world, that has a particular list of properties (for instance it is monotonic 
along the change) and in the approximate description of the world obtained in the 
non-quantum, non-relativistic limit is associated with the quantity measured by our 
clocks and with our experiential time: the sense of passing we have in our brain. So, 
change and time are different. The first is part of the conceptualization in quantum 
gravity, the second is not. 


11 Conclusion 


A large number of important technical issues are open in quantum gravity®, not to 
mention the persistent lack of direct empirical support. But LQG has at its disposal 
not only a powerful mathematical formalism that represents a tentative theory of 
gravity, but also a coherent conceptual picture within which a possible understanding 
of quantum spacetime can be framed. 

The relational notions of space and time that are familiar from our common 
experience remain useful in quantum gravity: events can be “next” to one another 
spatially and “next" to one another temporally. Not so the structure of a general 
relativistic spacetime, which only emerges in approximations. A general covariant 
formalism for dynamics is well defined and clear: it is based on the notion of partial 
observables: quantities that can be measured but in general cannot be predicted by 
themselves. The dynamical theory gives the correlations between these, both in the 
classical and quantum domains. The observable quantities in quantum gravity are 
the same as those of general relativity: in principle, any measurement in relativistic 
gravitational physics is also a measurement in quantum gravity. (Any measurement 
in relativistic gravitational physics can be represented as performed across a 3d 
surface in the form described above.) 

The entire theory has a strong relational character: localization in space and time 
is relational. Measurements imply relations between spacetime regions. Evolution 
is given as relative evolution. Quantum states are interpreted as relative states in 
the relational interpretation of quantum theory. (The entropy gradient as well could 
be a perspectival phenomenon [67].) This deeply relational aspect of reality, that 
comes both from general relativity and from quantum mechanics, and that merges 
so naturally in quantum gravity, is perhaps the deepest insight that quantum gravity 
is offering into the nature or reality [81]. 


6 For instance, the infrared “bubble" divergences [77, 78, 79, 80]. 
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